Abstract. In this work we will treat the spurious eigenvalues obstacle that appears in the computation of the radial Dirac eigenvalue problem using numerical methods. The treatment of the spurious solution is based on applying Petrov-Galerkin finite element method. The significance of this work is the employment of just continuous basis functions, thus the need of a continuous function which has a continuous first derivative as a basis, as in [2, 3, 4] , is no longer required. The Petrov-Galerkin finite element method for the Dirac eigenvalue problem strongly depends on a stability parameter, τ , that controls the size of the diffusion terms added to the finite element formulation for the problem. The mesh-dependent parameter τ is derived based on the given problem with the particular basis functions.
Introduction
In quantum mechanics, the Dirac partial differential equation describes the relativistic behavior of the electrons around the nucleus. That is, the energies (eigenvalues) of the electron in the orbital levels can be computed by solving the Dirac eigenvalue problem. The eigenvalues of an electron in the many-electron systems (nucleus with more than one electron) can be approximated based on the single-electron systems (nucleus with just one electron around), see [14, 15, 19, 22] . The main obstacle in solving the Dirac eigenvalue problem is that the genuine eigenvalues are polluted by spurious eigenvalues (called spectrum pollution) [1, 2, 4, 18, 25] . The spurious solutions appeared in many numerical computations of eigenvalue problems [6, 16, 21, 26] . On the other hand, applying the numerical methods, with their general forms, to the Dirac eigenvalue problem encountered the presence of spurious eigenvalues; such these numerical methods are B-spline method [8, 9, 12, 23] , FEM [3, 4, 17] , meshfree method [2] , and FDM [20] . In this work, we present a stable computation, using the FEM, of the eigenvalues of the Dirac operator by means of a complete remedy of the spectrum pollution. To present the work, consider first the free Dirac operator H 0 with the Coulomb potential V (1)
The free operator H 0 : H 1 (R 3 ; C 4 ) → L 2 (R 3 ; C 4 ) is given by (2)
where ℏ is the Planck constant divided by 2π, the operator ∇ = ( matrices given by α j = 0 σ j σ j 0 and β = I 0 0 −I .
Here I and 0 are the 2 × 2 identity and zeros matrices respectively, and σ j 's are the 2 × 2 Pauli matrices σ 1 = 0 1 1 0 , σ 2 = 0 −i i 0 , and σ 3 = 1 0 0 −1 .
The Coulomb potential V is a multiplicative operator given by
here I is the 4 × 4 identity matrix, where I will be dropped for simplicity. The independent variable x = (x 1 , x 2 , x 3 ) and z ∈ {1, 2, . . . 137} is the electric charge number. The operator H 0 is essentially self-adjoint on C ∞ 0 (R 3 ; C 4 ) and self-adjoint on H 1 (R 3 ; C 4 ). Thus, the whole operator H is self-adjoint on H 1 (R 3 ; C 4 ). Moreover, the spectrum of H is (−∞, −mc 2 ] ∪ {λ k } k∈N ∪ [mc 2 , +∞), where {λ k } k∈N is a discrete sequence of eigenvalues (relativistic energies).
The Dirac eigenvalue problem is given by (4) Hu(x) = λu(x) ,
where u ∈ H 1 (R 3 ; C 4 ). Usually, the radial Dirac operator is considered when the computation of the eigenvalues λ is concerned. The radial operator can be obtained by separation of variables of the radial and angular parts. That is, by assuming u(x) = 1 r f (r)Z κ,m (̟, θ) i g(r)Z −κ,m (̟, θ)
, where r = |x| is the radial variable, f and g are the Dirac large and small radial functions respectively, Z ·,m is the angular part of the wave function u, and κ is the spin-orbit coupling parameter defined as κ = (−1)
2 ), where  and ℓ are the total and orbital angular momentum numbers respectively. By this separation, the radial Dirac eigenvalue problem is then given by, see, e.g., [24] , ( 
5)
H κ ϕ(r) = λϕ(r) , where
As defined before, λ is the relativistic energy, and V (r) = −z/r is the radial Coulomb potential.
The radial Dirac operator is a convection-dominated operator, see, e.g., [5, 7, 11, 13] , which causes instability in the numerical approximation of the eigenvalues. That is, the presence of the gradient in the off diagonal of the operator H κ and the absence of the Laplace operator is the core of the spuriosity problem in the numerical computation [2, 4] .
In this work we will provide a stable finite element computation of the eigenvalues λ of the operator H κ . The finite element scheme we provide here based on applying the stream line upwind Petrov-Galerkin (SUPG) instead of the usual Galerkin FEM to produce diffusivity, controlled by a stability parameter (τ ) derived for the specific problem. The parameter τ controls the size of the added diffusion terms to the usual Galerkin formulation of the problem and its derivation is particular for finite element formulation of the Dirac eigenvalue problem with linear basis functions. The derivation of τ here is simpler than in [2, 4] , moreover, the need of the accumulation of the eigenvalues [10] is not required in the derivation.
The paper is arranged as follows; in Section 2 we provide some required preliminaries. In Section 3, we talk about the Galerkin and the SUPG finite element formulation to the problem and discuss the scheme of stability. The derivation of the stability parameter τ is treated in Section 4. Finally, we support our work by computational results in Section 5 and provide a discussion.
Preliminaries
2.1. The function space. In [2, 4] additional requirement of the functional space is considered, that is, the radial Dirac functions f and g are assumed to be C 1 (the space of continuous functions that have continuous first derivatives). This requirement is time consuming in the computation, so, in this work we show that this requirement is no longer needed. To determine the specific function space, firstly, it is clear that the radial functions f and g belong to the space H 1 (Ω), where Ω = [0, ∞) (The radial domain). Also, the functions f and g should vanish near the boundaries (close to and far away from the nucleus), so homogeneous Dirichlet boundary condition is considered. Therefore, f, g ∈ H 1 0 (Ω). It should also be notified that f and g must smoothly vanish at the boundaries (in a damping way) for all states except 1s 1/2 and 2p 1/2 (κ = −1 and κ = 1 respectively). That is, for better approximation, homogeneous Neumann boundary condition should also be applied in any computation of the eigenvalues for these states. In the presented work, general and unified treatment is considered for the boundary conditions, that is, homogeneous Dirichlet boundary condition is only assumed throughout all computations, for more readings see [2, 4] .
Extended nucleus.
It is notable that the Coulomb potential is singular near r = 0, so careful treatment should be taken into account to avoid this singularity. That is, extended nucleus is considered in this case. Extended nucleus means that to assume another distribution (a function that has to be at least C 1 −function) of the electric charge on the domain [0, R] (R is the radius of the nucleus) while keeping the Coulomb potential on the rest of the domain [R, ∞). The distribution of the electric charge on [0, R] can be, e.g., Fermi or uniform distribution see [2, 4] . In this work, we will assume a uniformly distributed charge along the interval [0, R]. Computationally, we first treat point nucleus where a cut-off domain, [R, ∞), is considered to avoid the singularity, thenafter we extend the computation on the whole domain [0, ∞). For the point nucleus case, we can test both the convergence of the genuine eigenvalues and the remedy of the spectrum pollution. This is because for point nucleus we can compare our results with the exact values of the eigenvalues that are given by the relativistic formula
where γ is the fine structure constant which has the value 1/c in atomic unit, and n r = 1, 2, . . . is the orbital level number. To make the comparison simpler, the exact eigenvalues λ nr,κ and the computed ones are shifted by −mc 2 .
2.3. Exponentially distributed nodes. Since the wave functions oscillates heavily close to the nucleus compared to the regions away from it, more data is required at this region to get more accurate approximation. For this reason, exponential distribution of the nodes is considered. Here, the nodes are distributed along the interval of computation [a, b] by the following formula (8) r
where n + 1 is the number of subintervals and ε ∈ [0 , 1] is the nodes intensity parameter [2] . The goal of introducing the parameter ε is to control the intensity of the nodal points near the nucleus. As smaller ε as more nodes dragged closed to the nucleus and vice versa. In [2] a study is performed about the best choices of ε, where it is shown that the most appropriate values of ε are those that are living in the interval [10 −6 , 10 −4 ].
The Petrov-Galekin formulation
Recall the radial Dirac eigenvalue problem; find (λ, (f, g))
To discretise the problem, let V be the space of continuous functions and V L be the subspace of V that consists of continuous linear polynomials. Assume a partition K h consisting of exponentially distributed points in [a, b] . Now, let V L h be the finite subspace of V L consisting of piecewise continuous linear polynomials spanned by the below linear functions φ j on the partition
where
where ζ j and ξ j are respectively the values of the functions f and g at the node r j . To construct the Galerkin FEM for the problem, we assume that f, g ∈ V L h . Since homogeneous boundary condition is assumed, then f and g should vanish at the boundaries, that is ζ 0 = ζ n+1 = ξ 0 = ξ n+1 = 0. Now the Galerkin FEM is read as to multiply (9) by test functions (v, 0) t and (0, v) t and integrate over the whole domain Ω this gives the weak form of the problem
To complete the numerical formulation, let the test function be an element of the same space (13) and (14), this provides (15) A Y = λB Y .
Equation (15)is a symmetric generalized eigenvalue problem, where A and B are both 2n × 2n symmetric block matrices defined as
, and
where [a ij ] q ρσν is an n × n matrix defined as
To stabilize the computation, that is to get red of the spectrum pollution, the streamline upwind Petrov-Galerkin (SUPG) FEM is considered instead of the Galerkin FEM for the problem [2, 4, 5, 7, 11] . The idea of using SUPG FEM is to introduce diffusion terms in the weak formulation of the problem to stabilize the numerical computation.
The construction of the SUPG FEM for the radial eigenvalue problem is to promote the test function to also include its first derivative, that is to multiply (9) by (v, τ v ′ ) t and (τ v ′ , v) t instead of just (v, 0) t and (0, v) t . This will introduce diffusion terms of the form τ [a ij ] 110 , where
dr, on the main diagonal of the generalized matrix A. The parameter τ is the so-called stability parameter that always depends on the generated mesh. The role of τ is to control the size of the added diffusion terms. To formulate the SUPG FEM, multiply (9) by (v, τ v ′ ) t and (τ v ′ , v) t and integrate over the domain Ω
and
,
To discretize the weak formulation let v, f, g ∈ V L h such that f and g as given by (11) and (12) respectively, and v = φ i , i = 1, 2, . . . , n, this leads to the generalized eigenvalue problem
where A and B are given by
4. The stability parameter τ Theorem 1. Let ζ j−1 and ζ j+1 (resp. ξ j−1 and ξ j+1 ) be the values of the radial function f (resp. g) at the nodes r j−1 and r j+1 respectively. Then ζ j−1 , ζ j+1 , ξ j−1 , and ξ j+1 can be approximated in the vicinity of r at infinity by
Proof . Given the two-equation system of (9)
As r approaches infinity, the above two equations are reduced to
To obtain the desired formula for ζ j−1 and ξ j−1 , we use the backward difference approximation for f ′ and g ′ as follows
By these approximations of the derivatives, (28) and (29) at the node r j can be written as
Simplifying (30) and (31) gives the desired result for ξ j−1 and ζ j−1 .
To obtain the corresponding formulas for ξ j+1 and ζ j+1 , we assume (28) and (29) is true for r j and then use the forward difference approximation for f ′ and g ′ as follows
Theorem 2. The stability parameter τ that appears in the weak formulation (19) and (20) has the form
Proof . Consider the weak formulation of the radial Dirac equation in the vicinity of r at infinity.
where f = (ζ 1 , ζ 2 , . . . , ζ n ) and g = (ξ 1 , ξ 2 , . . . , ξ n ) are respectively the nodal values of the functions f and g. Note that we have used that [a ij ] 010 = −[a ij ] 100 in the above formulation. Now, using the following values of the integrals, equations (33) and (34) becomes 
Using Theorem 1, the above two equations can be written as
Assuming m = 1, as c → ∞, and after some algebraic simplifications, equations (37) and (38) becomes
Dividing (39) and (40) by (h j + h j+1 ) yields
Simplifying the above two equations provides
Multiplying both equations by 2 c 3 gives
Equations (45) and (46) can be written in a matrix system as
Note that since not all ζ j and ξ j are zeros for all j, then it is clear that
where det(D) is the determinant of the matrix D. Solving Equation (48) leads to
which is the desired result.
Numerical Results and Discussion
To make the discussion more beneficial and clearer, and in the spirit of fair comparison, we will compare the results of the stability scheme presented here to the computational results of [2, 3, 4] . The computation is carried out for the Hydrogen-like Ununoctium ion where the atomic number and atomic weight are respectively 118 and 294. The computation is majorally performed for the point nucleus for which the approximated eigenvalues can be compared with the exact eigenvalues obtained by the relativistic formula (7) . For the case of extended nucleus, we will, as mentioned before, assume uniformly distributed charge in the region [0, R], where R is the radius of the nucleus. The intensity of the nodes distribution near the nucleus is controlled by the parameter ε that plays a major role in Formula (8), where the most appropriate values of ε are those that are living in [10 −6 , 10 −4 ], see [2] . For all of the computational results below, we have assumed that the nodes intensity parameter ε = 10 −4 .
Below, the computation is considered with κ = ±2, ±3, . . ., the general case where the spinors are vanishing smoothly with zero derivatives at the boundaries, i.e., homogeneous Dirichlet and homogeneous Neumann boundary conditions. The case when κ = ±1, and as mentioned before, there is no differences in the computation but nonhomogeneous Neumann boundary condition should instead be considered. Thus, in the computation of these two cases, small modification should be considered near the boundaries in the programming code. However, for a general discussion, we will consider the general case, that is when κ = ±2, ±3, . . .. Table 2 . The first computed eigenvalues of the electron in the Hydrogen-like Ununoctium ion for κ = −2 using the usual FEM and the stability scheme with linear basis function for point nucleus, where the number of nodes is 600, and ε = 10 −4 . In Tables 2 and 3 , the usual and the stabilized FEM with linear basis functions are applied for approximating the eigenvalues of the radial Dirac operator with κ = −2 and κ = 2 respectively for point nucleus. The number of nodes used is 600 and the computation is carried out for the Hydrogen-like Ununoctium ion. The so called instilled spurious eigenvalues (the gray-colored ones except the first value on the top of the second column of Table 3 ) clearly presented in the computation using the usual FEM. Also the spurious eigenvalues caused by the unphysical coincidence phenomenon (the gray-colored value on the top of the second column of Table  3 ) clearly presented in the computation using the usual FEM. While the computation of the eigenvalues using the stable finite element scheme is cleaned from both categories of the spectrum pollution. Table 3 . The first computed eigenvalues of the electron in the Hydrogen-like Ununoctium ion for κ = 2 using the usual FEM and the stability scheme with linear basis function for point nucleus, where the number of nodes is 600 and ε = 10 −4 . In Table 4 , a comparison between the hp-cloud Petrov-Galerkin (hp-CPG) method [2] and the stabilized FEM with Linear basis functions is considered. The computation is carried out for the Hydrogen-like Ununoctium ion for point nucleus for κ = −2 and the number of nodal points used is 600. The hp-CPG is obtained at ρ j = 2.2h j+1 , where the clouds are enriched by P t (x) = [1 , x(1 − x/2) exp(−x/2)], see [2] .
Level
In Table 5 , a comparison between the stabilized FEM using the cubic hermitian [3, 4] and using the linear basis functions is presented. The computation is carried out for the Hydrogenlike Ununoctium ion for point nucleus for κ = −2 and the number of nodal points used is 600. Table 4 . The first computed eigenvalues of the electron in the Hydrogen-like Ununoctium ion for κ = −2 using the hp-cloud Petrov-Galerkin stability scheme (as in [2] ) and the current stability scheme using linear basis functions for point nucleus, the number of nodes is 600. Table 5 . The first computed eigenvalues of the electron in the Hydrogen-like Ununoctium ion for κ = −2 using the finite element stability scheme with cubic hermitian basis functions (as in [3, 4] ) and the current stability scheme using linear basis functions for point nucleus, the number of nodes is 600. In Figure 1 , the convergence rates for the computation of the first fifteen eigenvalues using the three methods, hp-CPG, stabilized FEM with linear basis, and stabilized FEM with cubic hermitian, are shown. It is clearly noticed that the convergence rate of the approximation using the FEM with cubic hermitian is better than those of the other two methods, while the approximation using the FEM with linear basis functions is better than the convergence rate of the hp-CPG method. Comparison between the the previously derived stability schemes (as in [2, 3, 4] ) and the current stability scheme with linear basis functions, see the corresponding tables (Tables 4 and 5 ). Table 6 presents the computation of the eigenvalues of the Hydrogen-like Ununoctium ion for κ = −2 for point nucleus with different numbers of nodal points. Table 6 . The first computed eigenvalues of the electron in the Hydrogen-like Ununoctium ion for κ = −2 for point nucleus using different numbers of nodes.
Level n = 200 n = 400 n = 600 n = 800 n = 1000 Figure 2 shows the convergence rate of the approximation for the first five eigenvalues that are presented in Table 6 . (Table 6 )using the stable FEM with linear basis functions.
In Table 7 below, the computation is carried out for extended nucleus with different values of κ. The number of nodes used is 600, where 40 out of them is in the range [0, R], and 560 nodal points in the rest of the domain.
Conclusion.
To conclude the work done of this work, we will summarize the subtle points as a comparison between the presented paper and the works done in [2, 4] :
• As of the schemes presented in [2, 4] , the new stability scheme provides a complete remedy of the spurious eigenvalues of both categories (instilled spurious eigenvalues and the spuriosity caused by the so-called unphysical coincidence phenomenon), for all Hydrogen-like ions, for all values of the quantum number κ, and for both point and extended nucleus.
• The derivation of the stability parameter τ here is simpler, faster, and less time consuming compared with the derivations of τ in each of [2] and [4] . Moreover, the derivation of τ does not require the fact of the accumulated eigenvalues of the radial Dirac operator.
• The rate of convergence of the stabilized FEM using the cubic hermitian basis functions is much better than both stabilized FEM using the linear basis functions and the hp-CPG method. On the other hand, the stabilized finite element method using the linear basis functions is relatively better than the hp-CPG method. Table 7 . The first computed eigenvalues of the electron in the Hydrogen-like Ununoctium ion using the stability scheme for extended nucleus with different values of κ. 
